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$\ldots$ , $k_{n}$ 1 $k_{n}$ 2
index $\mathrm{k}=$ ( $k_{1},$ $\ldots,$ $k$n)
$\zeta(\mathrm{k})=\zeta(k_{1}, \ldots, k_{n})=\sum_{m_{1}<\cdots<m_{n}}\frac{1}{m_{1}^{k_{1}}\}m_{n}^{k_{n}}}.$.







relation $\mathrm{a}$ relgularized double shuffle relation
Associator relation relularized double shuffle relation
Deligne
Associator relation $\mathrm{P}^{1}-\{0,1, \infty\}$ 0 5
moduli $\mathcal{M}_{0,5}$
regularized double shuffle relation
Associator relation $\mathrm{c}" \mathrm{t}$ regularized double shuflle relation & dulaity relation
2. DRINFELD ASSOCIATOR $\text{ }$ ASSOCIATOR RELATION
generating function
Drinfeld associator $\mathcal{U}^{DR}=$
$\mathrm{Q}\langle\langle e_{0}, e_{1}\rangle\rangle$ $e_{0}={\rm Res}_{0}$ , $e_{1}={\rm Res}_{1}$






$\mathcal{U}_{\mathrm{C}}^{DR}$-valued 1form $\mathrm{P}^{1}-\{0,1, \infty\}$ 2 $p,$ $q$ $p,$ $q$





$\mathcal{U}_{\mathrm{C}}^{DR}$ well defined path
$p,$ $q$ $q,$ $r$ path $\delta,$ $\gamma$ $\exp(\int_{\gamma\delta}\omega)=$




algebroid $S$ algebroid $\mathcal{U}$ $p,$ $q\in S$
index $\mathcal{U}_{p,q}$
$\mathcal{U}_{q,\mathrm{r}}\cross \mathcal{U}_{p,q}arrow \mathcal{U}_{p,\mathrm{r}}$
(1) $\mathcal{U}_{p,p}$ (2) $\mathcal{U}_{p,q}$ $\mathcal{U}_{q,q}$ rank 1free
module $S_{1},$ $S$2 $f$ : $S_{1}arrow S_{2}$ $S_{1},$ $S_{2}$ algebroid
$\mathcal{U}_{1}\mathcal{U}_{2}$ $f$ homomorphism $\varphi$ : $\mathcal{U}_{1}arrow \mathcal{U}_{2}$ linear map
$\varphi_{\mathrm{p},q}$ : $\mathcal{U}_{1,\mathrm{p},q}arrow \mathcal{U}_{2,f(p),f(q)}$ $\mathcal{U}_{1},\mathcal{U}_{2}$ compatible
$X$ fundamental groupoid( $p,$ $q$ path homO-
topy groupoid) algebroid $X$
fundamental algebroid de Rham relaization Hodge real-
ization algebroid itereated integral
$\mathrm{Q}[\pi_{1} (\mathrm{P}^{1}-\{0,1, \infty\},p, q)]$ augmentation ideal








$t,$ $u$ $t$ $1-u$ path [$t$ , l-tt]
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Proposition 2.1.
$\Phi$D$R(e_{0}, e_{1})= \lim_{t,uarrow 0}\exp(-\log ue_{1})\cdot\exp\int_{[t,1-u]}\omega$ . $\exp(\log te_{0})$
Drinfeld associator 4 $\mathrm{a}$ Drinfeld associator l
$e_{0}^{k_{n}-1}e_{1}e_{0}^{k_{\mathrm{n}-1}-1}e_{1}\ldots e_{0}^{k_{1}-1}e_{1}$
$\zeta(k_{1}, \ldots, k_{n})$
$e_{1}$ $e_{0}$ word $\mathrm{w}=w_{1}w_{2}\ldots w$n
$e_{w_{1}}e_{w_{2}}\cdot\cdot e_{w_{n}}$ weight $n$
4 $\mathrm{a}$ Drinfeld associator $\Phi_{DR}$ group like
$\Phi_{DR}$ (e1, $0$ ) $=1$
tangential base point
0, 1 base points $\vec{01}$ , $\vec{10}$






$[0, 1]$ Drinfeld associator
Drinfeld associator $\Phi_{DR}$ relation
1. $\Phi_{DR}$ iterated integral
$\Phi$DR $(e_{0},0)=1,$ $\Phi_{D}$R $(e_{1}, e_{0})=\Phi$DR $(e_{0}, e_{1})^{-1}$
2. iterated integral shuffle relation
$\Delta$ ( $\Phi_{D}$R $(e_{0},$ $e_{1})$ ) $=\Phi$D$R(e_{1}, e_{0})\otimes\Phi_{DR}(e_{1},e\mathrm{o})$
$\Delta$ $\Delta(e_{i})=e_{i}\otimes 1+1\otimes e_{i}(i=0,1)$
$\mathcal{U}_{\mathrm{C}}^{DR}arrow \mathcal{U}_{\mathrm{C}}^{DR}\otimes \mathcal{U}_{\mathrm{C}}^{DR}$ $\mathrm{A}$ ‘ $\Phi_{DR}$ group like element
3. $\mathrm{P}^{1}-\{0,1, \infty\}$ 0, 1, $\infty$ path
( 6 )
$\Phi$DR $(e_{\infty}, e_{0})e^{\frac{1}{2}e_{\infty}}\Phi_{DR}(e_{1}, e_{\infty})e^{\frac{1}{2}e_{1}}\Phi_{DR}(e_{0}, e_{1})e^{\frac{1}{2}e_{0}}=1$
4. 5 rational curve
5 moduli space $\mathcal{M}_{0,5}$ stable compactification
$\overline{\mathcal{M}_{0,5}}$ $\mathrm{P}^{1}-\{0,1, \infty\}$ $\overline{\mathcal{M}_{0,5}}$ boundary tubler neighbour-
hood Boundary $\overline{\mathcal{M}_{0,5}}-\mathcal{M}_{0,5}$
10 $\mathrm{P}^{1}$ irreducible component
component 5 $p_{1,\ldots\nu}p_{5}$ $p_{i}=p_{j}$ E
component $t_{ij}$ $\mathcal{M}0,5$ R-
valued point $\mathcal{M}_{0,5}$ (R) connected component $P$ $P$
boundary 5 boundary component boundary
component $\{1, \ldots, 5\}$ cyclic ordering
$\mathrm{P}^{1}-\{0,1, \infty\}$ “infinitesimal” 5
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Double shuffle relation
$l_{ij}$ boundary component $\mathrm{P}^{1}-\{0,1, \infty\}$
$l_{ij}^{0}$ tubler neibourhood fundamental algebroid
$\mathrm{Q}[[Path^{B}(l_{ij}^{0})]]arrow \mathrm{Q}[[Path^{B}(\mathcal{M}_{0,5})]]$
de Rham fundamental algebroid infinitesimal
inclusion
$\mathrm{Q}\langle\langle e_{0}, e_{1}\rangle\ranglearrow \mathcal{U}^{DR}(\mathcal{M}_{0.5})=\mathrm{Q}\langle\langle e_{ij}\rangle\rangle_{1\leq:<j\leq 5}$
$\mathcal{U}^{DR}$ (M0,4) $e_{\dot{\iota}j}=ej:(1\leq i<j\leq 5)$
{ $[e_{ij}+e_{jk}, e_{ik}]=0$ (i, $j,$ $k$ )
” $\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{s}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}$ inclusion” comparizon map compatibility
relation 5 cyclic ordering(1,2, 3, 4, 5)
relation
$\Phi_{DR}(e_{23}, e_{12})\Phi_{DR}(e_{51}, e_{45})\Phi_{DR}(e_{34}, e_{23})\Phi_{DR}(e_{12}, e_{51})\Phi_{DR}(e_{45}, e_{34})=1$
Definition 2.2. $\mathcal{U}_{\mathrm{C}}^{DR}$ 1 $\Phi=\Phi(e_{0}, e0)$ $(\mathit{1})\sim(\mathit{4})$ oelation
$\Phi$ associator $\mathrm{A}\mathrm{a}$
$(1)\sim(4)$ $\Phi$ relation relation associator
relation Associator $\Phi=\sum_{\mathrm{w}=(w_{1},\ldots,w_{n})}c$wew1 $\iota\cdot\cdot e_{w_{n}}$ –
$\mathrm{w}$
$c_{\mathrm{w}}$ $e0$ $e_{1}$ word $\mathrm{Q}$-linear combination
$(1),(2)$
Associator algebroid $\mathrm{P}^{1}-$
$\{0,1, \infty\},$ $\mathcal{M}_{0,5}$ infinitesimal base point $|\mathrm{P}^{1}-\{0,1, \infty\}|,$ $|\mathcal{M}_{0,5}|$
$|\mathrm{P}^{1}-\{0,1, \infty\}|=$ { $\vec{10},\vec{01},1\vec{\infty},$ $\infty 1,0\vec{\infty},$$\inftyarrowarrow$O}
$*=DR,$ $B$ infinitesimal inclusion
$\mathcal{U}$ \sim O $arrow \mathcal{U}$ \sim $\mathcal{M}_{0}$ , $5$ )
Proposition 2.3. Associator compa $zon$ map
algebroid
$c_{4}$ : $\mathcal{U}_{\mathrm{C}}^{B}(\mathrm{P}^{1}-\{0,1, \infty\})arrow \mathcal{U}_{\mathrm{C}}^{DR}(\mathrm{P}^{1}- \{0,1, \infty\})$
$c_{5}$ : $\mathcal{U}_{\mathrm{C}}^{B}$ ($\mathcal{M}$ o,5)\rightarrow $R(\mathcal{M}_{0,5})$
1. $c_{i}$ augmentahon compahble Hopf algebra
2. infinitesimal base point local monodromy $e_{i}$ compatible
3. (de Rham, Betti ) infinitesimal inclusion
compatible
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4. $c_{4}$ abel $l\mathrm{b}$
$\mathcal{U}_{\mathrm{C}}^{B}(\mathrm{P}^{1}-\{0,1, \infty\})^{ab}arrow \mathcal{U}_{\mathrm{C}}^{DR}(\mathrm{P}^{1}-\{0,1, \infty\})^{ab}$
$[0, 1]$ 1
Proposition 2.3 associator $\Phi$ category
$Vec_{\mathrm{Q}}\otimes_{V\mathrm{e}c_{\mathrm{C}}}Vec_{\mathrm{Q}}=$ {( $V^{B},$ $V^{DR},$ comp) $|$
$V^{B},$ $V^{DR}$ $\mathrm{Q}$ ,
comp : $V^{B}\otimes \mathrm{C}\simeq V^{DR}\otimes \mathrm{C}$ }
algebroid object $\mathcal{U}(\mathrm{P}^{1}-\{0,1, \infty\}),$ $\mathcal{U}(\lambda 4_{0,5})$ infinitesimal inclu-
sion algebroid
3. REGULARIZED DOUBLE SHUFFLE RELATION













$\zeta(1)$ Zagier, Boutet de Monvel
regularized double shuffle relation $\mathrm{t}\backslash$
regularized double shuffle relation relation
regularized double shuffle relation Racinet
Drinfeld associator $\Phi_{DR}$ $\Phi_{DR}$ (e0, $e_{1}$ ) $=1+\varphi_{1}e_{1}+\varphi 0e$0 $\Phi_{DR,Y}=$
$1+\varphi_{1}e_{1}$ $y_{i}=-e_{0}^{\dot{\iota}-1}e_{1}$ $(i=1,2, . . .)$
$\Phi DR,\mathrm{Y}\in \mathrm{Q}+\mathrm{C}\langle\langle e_{0}, e_{1}\rangle\rangle e_{1}=\mathcal{W}=\mathrm{C}\langle\langle y_{1}, y_{2}, \ldots\rangle\rangle$
Definition 3.1 (Harmonic coproduct). Harmonic coproduct $\Delta_{*}$




Proposition 3.2 (Racinet). $\Phi_{D}^{re}$R, $Y=\Phi_{D}^{re}$H, $Y(y_{1}, y_{2}, \ldots)\text{ }$
$\Phi_{D}^{re}$X, $Y=(e^{\gamma y_{1}}\Gamma(1+y_{1}))^{-1}\Phi$Y
$\Delta_{*}(\Phi_{DR,Y}^{\mathrm{r}eg})=\Phi_{D}^{\mathrm{r}e}$Z, $Y\otimes\Phi_{D}^{re}$Z, $Y$
relation harmonic shuffle relation $\mathrm{V}^{\mathrm{a}}$ harmonic shuffle




tor relation harmonic shuffle relation
generating function Drinfeld associator $\Phi_{DR}$
associator $\Phi$ harmonic shuffle
relation 4 harmonic shuffle
relation $\Gamma’(u)=e^{\gamma u}\Gamma(1+u)$ factor factor
associator $\Phi$ 1
1 $\Gamma’(u)$ Drinfeld associator
$\Phi_{DR,Y}$ $\mathcal{U}_{\mathrm{C}}^{DR,ab}=\mathrm{C}[[e_{0}, e_{1}]]$ [ image $(\Gamma’(e_{0})\Gamma’(e_{1}))/\Gamma’(e_{0}+e_{1})$
Associator
$\Phi=1+\varphi_{0}e0+\varphi_{1}e_{1}\in \mathrm{C}\langle\langle e_{0}, e_{1}\rangle\rangle$
$\Phi_{Y}=1+\varphi_{1}e_{1}$ $\Phi_{Y}\in \mathrm{C}\langle\langle y$ 1, $y_{2},$ $\ldots$ )) o





$\Gamma_{\Phi}’(u)\equiv 1$ mod $I^{2}$
motivic Galois version





VecQ algebroid objects $\mathcal{U}(\mathrm{P}^{1}-\{0,1, \infty\}),$ $\mathcal{U}(\mathrm{A}4_{0,5})$ inifinitesi-
$\mathrm{m}\mathrm{a}\mathrm{l}$ inclusion algebroid homomorphisms $\mathcal{M}$
abel tensor innter homomorphism
Tannmlq { fiber functor ( $V^{B},$ $V^{DR}$ , comp)
$V^{B}$ (VDR) Betti (de Rham) realization
algebroid A4 $\mathcal{U}(\mathrm{P}^{1}-\{0,1, \infty\})-$
module object algebroid object homomor-
phism $\mathcal{U}_{1}arrow \mathcal{U}_{2}$ $\mathcal{U}_{1}$ -module $F$ higher direct image
algebroid relative cohomology cohomology
$\mathcal{M}$






$u\in \mathrm{C}$ $g_{u}=1+uy_{1}+u^{2}y_{2}+\cdot\cdot 1$ $\Delta_{*}$
group like $l_{v}=uy_{1}+u^{2}y_{2}+\ldots$
(4.1) $\log l_{u}=l_{\mathrm{u}}-\frac{1}{2}l_{\mathrm{u}}^{2}+\frac{1}{3}l_{\mathrm{u}}^{3}+\cdot$ . .
$=uT_{1}+u^{2}T_{2}+u^{3}T_{3}\cdot$ .
$T_{p}=y_{p}- \frac{1}{2}\sum_{i+j=p}y_{i}y_{j}+\frac{1}{3}\sum_{i+j+k=p}y_{i}y_{j}y_{k}+\cdots\pm\frac{1}{p}y_{1}^{p}$
(4.1) $u$ 0 $T_{p}$
Lie like element abel $\mathcal{W}^{ab}=\mathrm{C}[[c1, c2, \ldots]](y_{i}^{ab}=c:)$ $T_{p}$
$\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}t_{p}$ $c_{i}$ elementary symmetric function power sum
symmetric function $\mathcal{W}$ $T_{p}$ free associative
algebra degree $p\geq 3$ Lie like homogeneous element
$y_{\dot{\iota}}$ degree 3 modulo L,
$\theta_{p}$ (a$p$ ’ $a_{1j}.$ ) $=a_{p}T_{p}+ \sum_{:<j,i+j=p}a_{1j}.[y_{\dot{l}}, y_{j}]$
$\Delta$ : $\mathcal{U}/e0arrow(\mathcal{U}/e0)\otimes$ ($\mathcal{U}$/e0)ei $\vdash*ei$ $\otimes 1$ $+1$ $\otimes ei$
$\Delta$ $\Delta(\theta(1, a_{ij}))=0$ ( $\theta(1, a_{\dot{l}\mathrm{j}})\mp$
$\frac{1}{p}y_{1}^{p}$ $y$-degree3 modulo $\text{ }$ ) $a_{1j}$.




unique $\theta$ Ihara bracket $\mathcal{W}$ $\Delta_{*}$
Lie like element $p$ odd
$\theta_{p}$ $e_{1}$ degee 3 modulo Soule element lifting
(
)
$\theta_{3}=[e_{0}, [e_{0}, e_{1}]]+[e_{1}, [e_{1}, e0]]$ mod $e_{1}$-degree 3
